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Abstract

This article is a systematical review on the current numerical methods used in the numerical solution of partial differential
equations (PDEs) in which our special attention is focused on the latest developments essentially around the past decade. It
starts to summarize standard classifications of PDE, and briefly returns to the classical classification of discretization mixed
methods, mainly finite difference, finite element, or finite volume, which can get a preliminary knowledge in order to make a
scientific comparison.

The review then gives an overview of more recent developments of spectral and spectral element methods, meshfree and
material point methods, adaptive and multiscale formulations, and multigrid-based acceleration methods. One of the major
contributions of the present article is the learning-based and probabilistic paradigm. In particular, the manuscript talks about
Al-driven approaches such as physics informed neural networks that help the operator learn using DeepONet, Fourier neural
operators and other hybrid approaches that combine data-driven factors and classical numerical solvers for operator learning.

Across these methodological families, the article makes a qualitative comparison in terms of aspects of accuracy,
computational cost, stability, scalability, implementation complexity, and representative application domains. Illustrative
examples cover the fields of fluid dynamics, solid mechanics, biomedical flow modelling, as well as problems arising in the
problems of finance and quantum systems.

The review concludes with an open questionnaire, in particular the need for more drastic theoretical guarantees and
findings on uncertainty quantification combined with the need for efficient coupling with high-performance computing
environments. It describes promising avenues for future research, in particular in rigorously analyzed hybrid approaches and
solvers based on operator learning.
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AHHOTaNMsA

OTo craths TpejcTaBssieT coOOM cHcTeMaTHuecKuil 0030p COBpeMeHHBIX UHC/EHHBIX METOZAOB, TPHUMEHSeMbIX [isi
YKC/IEHHOTO pelleHHs] ypaBHEHWW B UYaCTHBIX TPou3BoAHBIX (YUII), mpu 3ToM ocoboe BHUMaHUE Y/esseTCs HOBEUIIHM
JIOCTYDKEHUSIM, TIOSIBUBILIMUMCS TVIaBHbIM 00pa3oM 3a mocjiefHee fgecstuietve. CHauasa B Hell W3/1araroTCsl CTaHJApTHbIE
knaccudukarmu YUIT ¥ KpaTKO pacCMaTpHBaeTCsl Kjiaccuueckasl KaacCU(UKaLWs MeTOJOB JUCKpeTH3aluu (B OCHOBHOM
Da3HOCTHBIE, KOHEUHO-IeMEeHTHble U KOHEYHO-OOBEMHBIE METOZBbI), UTO TI03BOJISIET TIOMYUWTb [epBOHAYaIbHOe
TipeJicTaB/eHre U TIPOBECTU HayuHOe CpaBHEHMUe.

3atem B 0030pe JaéTCS XapaKTepUCTUKa Oojiee COBPEMEHHBIX HarpaB/eHUH: CTIEKTPAIbHBIX U CIEKTPATbHO-37IEMEHTHBIX
METO/IOB, OECCEeTOUHBIX METOJ0B U METO/]d MaTepUajbHON TOUKH, a[laNTUBHBIX U MHOTOMACIITA0HBIX TIOCTAHOBOK, a TAaKXe
METO/IOB YCKOpeHHsI Ha OCHOBe MHOTOCETOUHBIX anropuTMoB. OJHMM M3 OCHOBHBIX BK/I3JI0B JIaHHOM CTaTbM SIBMISIETCS
paccMoTpeHHe 00yuaeMO M BepOSITHOCTHOM MapajurMbl. B YacTHOCTH, PYKOTMHCh OOCY)KZaeT TMOAXOAbl, OCHOBaHHbIE Ha
HCKYCCTBEHHOM HMHTEJJIEKTe, TaKWe Kak physics-informed neural networks, a Takxke MeTozbl 06yueHus! OTIEPaTOPOB, BKJIFOUAst
DeepONet, Fourier Neural Operator u Apyrve ruOpuAHbIE MOAXO/bI, COUYETAIOIINE YITpaB/seMble AAHHBIMHA KOMITOHEHTBI C
K/IaCCUUeCKVMH YMC/IeHHBIMU PeIlaTesMU [IJ1s1 OTIepPaTOpPHOT0 00yUeHusl.

[y BCcex 3THUX MeTOJ0JIOTMYeCKUX CeMeMCTB B CTaThe MPOBOJUTCS KaueCTBeHHOe CpPaBHEHHE IO TaKUM acreKTaM, Kak
TOYHOCTb, BBIUUC/IUTE/IbHAsE CTOUMOCTb, YCTOMUUBOCTb, MAaCIITabUPyeMOCTb, CIOKHOCTb pPeaju3aljii U TUITUYHbIEe 00/acTH
npyuMeHeHus1. VIJUTFOCTpaTUBHbBIE PUMEPbI OXBATHIBAIOT 3a/lau MU/POJMHAMUKY, MEXaHUKH TBEPAOTO Te/a, OUOMeUIIUHCKOTO
MOZIe/TIPOBaHMs TeUeHUH, a TaKoKe 3a/jauy, BO3HUKArOIHe B MHAHCaX M KBAaHTOBLIX CHCTeMax.
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B 3akmouenue 0630p GopMysIHMpyeT psifi OTKPBITBIX BOIPOCOB, B UYacCTHOCTH HeoOX0AWMOCTh Gosiee CTpOrux
TeOpeTHUeCKUX rapaHTUH W pe3y/IbTaToOB B 00/1acTH KOJIMYeCTBEHHOW OLIeHKH Heorlpe/le/IEHHOCTH, a TakKe TMOTpeOHOCTb B
3¢ eKTIBHON WHTeTrpaLil C BBICOKOIIPOM3BOJUTEIbHBIMY BBIUHC/IUTENBEHBIMA CpefiaMi. OTIHCBIBAIOTCS W ITePCTeKTHBHbIE
HarpaeJeHus OyJylux HCcieoBaHuH, 0cobeHHO B 06sacTh CTPOro 0OOCHOBAHHBIX THOPUAHBIX MOAXOJOB U pellaTesed,
OCHOBaHHBIX Ha 00yUYeHHH OT1epPaToOpOB.

KiroueBble cj10Ba: ypaBHeHUs B YaCTHBIX NIPOU3BOJHBIX, YHC/IEHHbIE METO/bI, ClIeKTpa/bHble MeTO/bl, METO/, KOHEUHBIX
3/IeMeHTOB, Oe3CeTOUHble METOABL.

Introduction

Partial differential equations (PDEs) form the very fundamental building blocks of mathematical modeling in a very wide
range of domains of science and engineering, such as fluid dynamics, heat and mass transfer, elasticity, electromagnetics, as
well as quantitative finance, where they describe the spatiotemporal evolution of physical fields [1].

During the last decades, classical discretization techniques, among others, finite difference, finite element and finite
volume techniques, have enabled reliable large-scale computations in a number of application domains. However, these well-
established methodologies are challenging to employ in solving complex problems that have complex geometries, highly
nonlinear dynamics, and large parametric dimensionality, in which issues related to stability, the level of accuracy and
calculation cost become more and more pronounced [12].

All these limitations have allowed the current interest in modern numerical methods that aim to improve the transfer of
robustness and predictive quality while reducing the computational effort, especially through better scalability on parallel
architectures and the introduction of data-driven components. Against this background, the current review is aimed to
systematically review recent developments in solvers of partial differential equations reported in the period 2015 to 2025, by
focusing particular attention on spectral and meshfree formulations, adaptive and multiscale approaches, artificial intelligence-
based and probabilistic solvers, as well as advancing hybrid approaches, where learning modules are combined with standard
numerical schemes. The manuscript outlines at first the required mathematical and numerical prerequisites before giving a
brief historical overview of the main ideas of the major contemporary methodological families. This is followed by an
evaluative appraisal of their respective strengths and trade-offs in terms of the key performance criteria. Representative
applications are highlighted throughout the discourse, and outstanding challenges and possible avenues for future research are
stated in the conclusion of the review.

Classical background

Simple classification and intrinsic properties of problems of partial differential equations. Typically, Partial Differential
Equations fall into one of three groups — elliptic, parabolic, and hyperbolic — depending on the algebraic structure of the
highest order term of the differential operator, and it is directly related to the qualitative nature of its solutions [1].

In the problems of electrostatics, elastic theory and potential flow dynamics, elliptic equations like the Laplace and
Poisson equations are used widely. Most often these solutions are smooth, meaning that the boundary conditions affect the
solution in and around the region. For example, parabolic equations, such as the heat equation, and the Fokker-Planck equation
are of interest, since they model diffusive, dissipative or relaxation phenomena; in such systems, the solution evolves with
time, and, by necessity, "smoothes" the irregularities, and approaches an equilibrium state, while, at the same time, remaining
constrained by the set of initial data and boundary conditions. This is the control of finite-slope propagation of signals and
characteristics defined by hyperbolic equations like the wave and advection equations. Their solutions may show wave-like
behavior and even exhibit steep gradients and propagating fronts, or discontinuities, particularly for nonlinear regimes or more
complicated forcing. From the modelling point of view, a problem of the above type is said to be well — posed if it has the
properties: existence, uniqueness, and dependence on the initial and/or boundary data that is continuous with respect to those
data. Well, poshness is essential for mathematical soundness as well as for numerical reliability: discretization schemes, which
allegedly fail to meet these criteria, e.g., due to incompatible treatment of the boundary or inadequate stability control, can
provide relevant unstable, divergent or physically implausible solutions [1]. In general, there are many models that are used in
practice where the methods of the classical strong formulation become too restrictive, and then a weak or variational
formulation in suitable Sobolev spaces is used [1].

For a representative linear elliptic problem

—V:(@Vu)=f inQ @)
The weak formulation can be expressed as:

JoaVu-Vuvdx = [, fvdx + [, v(aVu - n)ds )

The derivatives naturally induce moving from the unknown to the test function, the discretization's of the above partial
differential equations in Galerkin form on which the finite element family of methods [12] is based.

Basic schemes for number crunching Foundational numerical methods to partial differential equations. Foundational
method for numerical solution of partial differential equations (PDEs): systematic discretization of the space-time domains for
computing massive algebraic systems that approximate the continuous problems. The finite difference method (FDM) involves
computing difference quotients of spatial derivatives at points in a structured grid in simple stencil operations and easy to
implement on regular domains [12]. The most important strengths of this are its conceptual beauty and the low computation
cost it has when implemented on rectangular or logically Cartesian lattices with high order/ compact finite — difference
stencils. However, it is important to realize that when applied to domains of intrinsically complex geometry, the approach may
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become unwieldy, and its freedom of choice of boundary conditions beyond the, rather conventional, boundary conditions is,
unfortunately, somewhat limited.

In contrast, the FEM relies on a variational or weak formulation, and represents the solution by a patchwork of piecewise
polynomial basis functions defined on a system of elements which need not be arranged in any special way and can be quite
unstructured. First, such methodology issues as convergence, stability and the intrinsic complexity of the problem can be dealt
with in a strict manner; second, complex geometries and different materials can be accommodated; and third, a vast array of
boundary conditions can be imposed in a consistent and natural manner. In the context of finite element theory, discontinuous
Galerkin (DG) methods introduce discontinuous basis functions at interfaces between elements and use numerical fluxes on
interfaces to couple the elements together [2]. DG methods offer not only a high degree of accuracy, but also local
conservation, favorable operator locality — both highly desirable for parallel implementations as well as for hp-adaptive
refinement strategies. It is true that in general these amazing benefits are associated with higher computational complexity and
memory consumption per degree of freedom when compared with conventional continuous FEM formulations.

The finite volume method, on the other hand, is conservation-based, where the governing equations are put into the control
volumes, and the conservation is applied through a balance of fluxes at the faces of the cells [12]. The property of conservation
inherent in the finite volume approach and its capability to deal with the structured and unstructured mesh has now made FVM
a very famous method in the congress of computational fluid dynamics and transport modeling. However, to obtain a high
level of accuracy and robustness (especially if one wants to implement one of these strategies with complex source terms, steep
gradients or nonlinear fluxes) more complex reconstruction techniques, carefully designed limiters, and reliable Riemann
solvers for the fluxes to be calculated are often required.

The classic finite difference, finite element (including discontinuous Galerkin) and finite volume methods are collectively
referred to as finite difference type schemes, and new schemes using spectral, mesh-free, adaptive and AlI-assisted methods are
evaluated against them, particularly for accuracy, robustness and computational efficiency.

Modern numerical methods

Spectral and spectral element methods approximate solutions of partial differential equations by expanding the unknown
field as an expansion in globally supported basis functions, usually trigonometric polynomials (e.g. Fourier bases) and families
of orthogonal polynomials, and solving for the corresponding expansion coefficients from the governing equations and
accompanying constraints [2]. Spectral methods approximate the solution #(x) as a series expansion of smooth and globally
supported basis functions @ (x) :

u(x) ~ up (x) = Yoo Uy (x) 3)

where N is the number of degrees of freedom, and uk ¢ (x) are the spectral coefficients.

The spectral collocation (or pseudo-spectral) method is the most widely used approach. The PDE is enforced exactly at a
set of collocation points, such as Chebyshev Gauss Lobato points. If the PDE is given by Lu=f where L is a
differential operator, then the collocation method imposes:

Luy (xj)=f(xj), orj=0,1,...,N 4)

Where %; are the collocation points. The derivatives of ¥~ are computed using spectral differentiation matrices,
which convert the differential operator L into a matrix D .The PDE is then transformed into a linear algebraic system:

Dupy = f ®)

Spectral schemes in their classical global form can converge very rapidly, with a high degree of smoothness of the solution
they represent; many spectral schemes can be exponentially convergent with the number of modes retained. This is due to the
fact that typically a small number of modes can represent the large-scale features of the solution with great fidelity [2].
Simultaneously, the global support of the basis functions makes them impractical. Spectral methods are more sensitive to the
loss of regularity, for example, no limits on smoothness may lead to Gibbs-type oscillations, which affect the accuracy of the
solution. The root cause of this is the global coupling present in these techniques, which complicates even further the
numerical resolution of extremely localized phenomena. In addition, the global basis functions make it rather tedious to
account for complex geometries and non-standard boundaries, as compared to formulations with locally supported
discretisation's [2].

By merging the spectral accuracy and element-wise domain decomposition, the spectral-elements approach overcomes
some of the above drawbacks. The computational domain is subdivided into elements, and the solution is approximated within
each element by high order polynomial functions defined on a reference element which gets mapped to the physical element
[2]. The high-order accuracy that is associated with global spectral methods is largely retained, and the geometry adaptability
of the traditional finite element methods proved very useful in the cases that we consider for which simulation required the
handling of complex domains. For this reason, spectral and spectral-element methods have been extensively applied to various
problems such as fluid flow, wave propagation and structural dynamics, particularly when the solution is fairly regular and
high-performance computing and use of efficient solvers are pertinent.

In representing the solution field, meshfree methods do not involve any fixed connectivity mesh, but rather a set of
randomly placed nodes or particles, from which the solution field is reconstructed by using a set of suitable shape functions or
kernel-based interpolants [9]. Since this element topology is not specified explicitly, the above approaches offer a simplified
discretization where the problem of the mesh generation or remeshing, or increasing the quality of the mesh, would be a
dominating issue.
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For instance, radial basis function (RBF) methods approximate the solution using a superposition of radially symmetric
basis-functions that are centered at the nodes and that can be used to achieve high-order accuracy, even for irregular node-
distributions, and are relatively easy to be extended to higher dimensions [3].

In RBF methods, the solution u#(x) is approximated as a linear combination of radial basis functions ® , which depend
only on the radial distance 7 = ||X —X; || between the evaluation point x and the node % :

u(x) XN 4@ (||x — x,||) + Px) (6)

Where 4; are the unknown coefficients, and P(X) is a polynomial term added to ensure accuracy and stability.

Smoothed particle hydrodynamics (SPH) adopts a fully Lagrangian description in which the continuum is represented by
moving particles that carry mass, momentum, and other state variables. Spatial derivatives are approximated through
smoothing kernels, making SPH well-suited to large deformations, free-surface flows, and fragmentation phenomena that are
challenging for mesh-based Eulerian discretization’s [9]. The material point method (MPM) is a mixture of Lagrangian
material points coupled to an Eulerian background grid. The grid is used to calculate the gradients, and the history dependent
state information is carried with the particles, and the internal/external forces are calculated. This separation decreases the
tangling of meshes and too much distortion of very severe distortion problems [10]. Methods that are meshfree in particular
have been attractive for applications such as impact, fracture, granular flows and fluid-structure interaction since the repeated
remeshing becomes overly complex or expensive [9]. Nevertheless, these benefits present tremendous difficulties. Numerous
meshfree schemes are costly in terms of computational effort due to the construction and evaluation of shape functions or
neighborhood searches and correct fulfillment of fundamental (Dirichlet-type) boundary conditions is nontrivial. Furthermore,
the solution stability (tensile instability, some types of particle formulation) should be taken into account, and some
stabilization measures should be followed [9].

Adaptive, MultiGrid and Multiscale Methods. Adaptive approaches aim to allocate the available computational effort in
those regions, which can provide the most information from existing or required detailed spatial or temporal discretization in
regions of high or estimated error. This kind of principle can be realized through the technique of adaptive mesh refinement
(AMR), refining and coarsening the computational mesh according to the indications of errors or error estimators that can
improve the efficiency of computing the localized features like shocks, boundary layers and sharp interface without any
uniform refinement of the entire region [7]. To enhance the computational efficiency, the multigrid methods to accelerate the
convergence of the iterative solvers are used. In the case of fine mesh computations, a combination of smoothing operations is
used, and on the coarser mesh correction steps are used, thus allowing slow, low-frequency error components more easily to be
removed. Many of these types of multilevel methods are near the complexity of almost optimal linear and nonlinear solution
methods for large systems. Algebraic multigrid (AMG) offers more of these ideas: instead of visualizing the approximation
process and employing geometric coarsening, the hierarchy is constructed directly from the discrete system matrix, i.e., AMG
is naturally suitable for unstructured meshes and problems on complex geometries [8].

Multiscale methods and reduced-order models (ROMs) tackle problems, where phenomena on vastly different scales
interact, or where repeated solutions of similar PDE's are required, for instance, in optimization and control problems.
Variational multiscale formulations break up the solution into resolved and unresolved parts, which explicitly models the
effects of the small-scale dynamics on the large-scale behavior so as to provide a systematic framework for the modelling of
turbulence and subgrid scale processes. ROM techniques, e.g., based on proper orthogonal decomposition and on projection
methods, give rise to low-dimensional dynamical systems that can be used to approximate the original PDE model with
significantly reduced computational cost, but at the price of an offline training or basis construction phase.

Probabilistic and Al-based methods. One of the most recent developments is the use of machine learning combined with
numerical analysis to create a new family of PDE solvers based on data-driven models subject to physical constraints [11].
Physics-informed neural networks (PINNs) incorporate all components of the problem, including the PDE, the boundary
conditions, and the initial conditions into the loss function of a neural network to train the network to minimize the PDE
residual, not labelled solution data, as was previously the case [4]. Each is equipped with a PINN, aiding in the localization of
learning the high-frequency features.

Total Loss Function:

L(@) = )’rLr + /lbc Lbc + ’11'0 Lic (7)
where 1 are weighting coefficients.

PDE Residual Loss (L f) : Computed based on the PDE residual [ evaluated at random collocation points within
the domain Q .

1 2 2
Ly = 527 (i tioup. Vg V2uy) | )

Derivatives are obtained via automatic differentiation.
Boundary and Initial Condition Losses (Lbc and L,C> : Computed on boundary and initial points.

3|18 (a0 (x01))) = 8 (x| ©

The network can automatically differentiate with spatial and temporal variables [4] and this paradigm is particularly
intriguing for problems with high dimensions, inverse problems with few measurements, and cases where the data of the
problem are costly to acquire. Operator learning methods, like Deep Operator Networks (DONs) [5] or Fourier Neural
Operators (FNOs) [6] are designed to approximate the input to output mapping of an input function (or input), e.g., initial

Lbc =

4
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conditions or source terms, to the resulting solution fields. These models can, once trained, give approximate answers for new
inputs in more or less real time, and thus have enormous promise as surrogates for more cumbersome (and computationally
demanding) solvers and models. Variants of these ideas, such as probabilistic variants (e.g., Gaussian process variants of the
notion of physics-informed neural networks (PINNs)) and Bayesian variants of physics-informed neural networks (PINNs)
further refine these concepts and enable principled uncertainty quantification to be generated in addition to the single-point
estimate. These abilities can be particularly useful in risk-lovers decision-making, and in the realm of scientific inference,
where analysis of confidence, and propagation of uncertainty, may be more important than the determination of a precise mean
prediction [11]. However, following such conceptual elegance, there are significant limitations when it comes to practicality
and theory in using data-driven solvers of PDEs. Typical problems are extremely high training expenses, dependence on
(hyper) network topology and parameters, and stability and conservation laws (among others), which are easily guaranteed by
classical discretization. Furthermore, there are only a few complete theoretical error bounds, the type of which would make it
difficult to rigorously evaluate and reliably use in high-stakes scenarios many of the learning-based approaches.

Hybrid strategies try to combine complementary paradigms in a manner where each paradigm's strengths complement each
other and ameliorate the drawbacks of each other. One approach frequently used is to discretize the various parts of the domain
differently, for instance, using spectral or high-order finite element methods in smooth regions and finite volume or
discontinuous Galerkin (DG) methods in regions with discontinuities or steep gradients or in regions with very complicated
geometry, where robustness and conservation are more important [2]. Another emerging field of research is to embed classical
solvers into the machine learning framework. Examples of this are neural models that predict the effective preconditioner,
closure relations or SGS contribution that will allow a better convergence rate or physical fidelity in an approximately time-
free fashion without sacrificing the underlying PDE discretization infrastructure [11]. Hybrid schemes similar to this, built on
PINNs and traditional schemes are also emerging. By using high resolution simulations based on finite difference, finite
element solvers or finite volume solvers a PINN can provide a source of training data, and the physics-based residual
constraints in the PINN can be selectively activated with respect to subdomains of the parameter space (or the subsets of the
parameter space). These couplings could reduce training overhead and even help to boost generalization and foster a de facto
interoperability of existing and legacy codes with developed data-oriented tools.

All in all, hybrid and coupled methods are a promising route towards developing effective, efficient and flexible PDE
solution strategies that can make use of the well-established techniques of classical numerical analysis and the growing power
of current methods based on machine learning.

Comparative analysis and applications

Qualitative comparison. As far as accuracy is concerned, the spectral and spectral element methods converging with the
increase of the resolution, are usually the fastest, especially if the solution is sufficiently smooth, and almost exponential
convergence is obtained [2]. This performance improvement is explicitly pointed out in the literature on numerical
approximation, and has to do with the global support and high regularity of the underlying basis functions. However, in a series
of applications of partial differential equations (PDE) high-order finite-element formulations and discontinuous-Galerkin (DG)
schemes can often provide a more reliable route to the systematic improvement of accuracy, given their very good ability to
adapt systematically to complex geometries and/or localise high gradients [12].

Although methods such as meshfree methods and today's trading adaptive methods can be quite good at dealing with
moving fronts, evolving interfaces, and sharp layers, their global error behavior, however, can be much more problem
dependent and is less well known to characterize and study rigorously, and the stability and approximation properties can be
sensitive to the distribution of nodes, adaptivity criteria, and choices of stabilization [3], [9].

Meanwhile, on many benchmarks, the accuracy of Al-based solvers can be the same or comparable to that of their classical
counterparts; and on the academic side, it is well to note that the error capacity of these solvers is often not the only source of
error, but also the data-covering and the dynamics of the operators trying to get to production, and the inductive biases of the
architecture.

The trade-offs are no less nuanced, when it comes to the cost of computation. Even with well-matured linear and nonlinear
solvers, e.g., multigrid and/or Krylov-subspace [12] methods, the conventional finite difference, finite element and finite
volume methods remain amazing in terms of the efficiency per unknown. Such efficiency is largely owing to the very sparse
structure of the operator and the well-known memory needs and decades of development both in terms of pre-conditioning as
well as parallel implementation.

In contrast, meshfree methods and discontinuous Galerkin approaches have higher assembly and memory costs because of
the higher complexity of the stencils, larger number of local degrees of freedom and the price of the construction of the shape
functions or flux couplings [3], [9].

Spectral methods can be very competitive on simple geometries, where the rapidity of the transforms (using structured
operators which do not incur a large overhead) can be very high, but when confronted with complex geometries of complicated
boundaries, strong localisation and/or coefficients, this efficiency may drop drastically. In such an environment the advantages
of the global representations are reduced and a higher degree of algorithmic complexity is needed [2].

Learning-based approaches have a specific cost model: They are likely to have high initial training costs on customized
hardware but are cheap to evaluate once they have been trained. This "train one, evaluate many" paradigm is not only pivotal,
but also involves a completely new way of thinking, for example, whether the training costs have to be taken into account, data
and bias in the data, or mismatch between the different deployment domains if the methods are compared to classical solvers in
a fair analytical framework [11].

In terms of stability and robustness, well-developed numerical schemes are numerically efficient due to the existence of a
sound theoretical background, algorithmic constraints (e.g. CFL-conditions) and limiting and stabilization methods of
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nonsmoothed solutions and systematic error estimation schemes. The reliability of these methods hinges on these attributes and
they should have predictable and controllable failure modes in challenging engineering applications [12].

In contrast to this, there are not often extensive stability theories of meshfree techniques and the corresponding solvers
based on artificial neural networks. They might have non-physical oscillations, which is a problem even in mechanics, they
might lose their conservation properties or have some pathologies induced by the optimization which are not easy to pre-assess
in the first place: thus, a long-lasting gap between empirical performance and serious guarantees [9] might exist.

Yet axes of scalability and implementation complexities still make a difference in practice when evaluating such
approaches. The use of local formulations such as DG, adaptive mesh refinement (AMR) pipelines, and many meshfree
particle methods is inherently conducive to parallelization, due to the fact that only localized evaluations of operators and
limited communication patterns are used [7], [8]. Concurrently, using advanced adaptivity, multi-scale closures, and Al features
in large production codes can significantly enhance the code complexity, the work required for code verification and long-term
maintenance costs (which are also becoming a growing concern in the context of reproducibility and sustainable scientific
computing). Hence, no method is always the best with respect to all the criteria. However, the choice of the optimum tool is
still heavily dependent on the PDE under consideration, dimensionality, regularity of the solution, available computation
resources, and, most importantly, the desired confidence and interpretability of the predictions made by the tool.

To make the foregoing comparison more complete, a summary of the different regimes, geometric treatment, merits and
drawbacks of representative reduced-order, meshfree, operator-learning and hybrid PDE solution paradigms is given in Table
1.
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Table 1 - Comparative synthesis of representative PDE solution methods
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sunula.tor Irregulgr Very high; built 1ndepenfient Requires gr,',:lph-
operating geometries, dynamics; based training
. - for unstructured .
MeshGraphNets directly on  |adaptive meshes, irrecular meshes adaptivity data and rollout
[31], [32], [33] meshes and mechanics, a r?d adaptive concentrates design; lacks
allowing cloth, and fluid discretizg ton. | Compute where classical
adaptive problems. ’ gradients are certification.
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representation
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PDE solving.

recovery across
one-dimensional
PDE families.

evidence is still
largely one-
dimensional.

transfer and
rapid fine-
tuning.

is heavy relative
to narrower
expert models.

The solvers of the Neural PDE are supposed to be compared by the accuracy but also in regard to the hardware needs [32].
The vast majority of neural methods are primarily trained on the GPU. As the instance, DGM was trained on 6 GPU nodes, and
training cost was high [40]. The neural operators were run on one NVIDIA V100 (16 GB) [43]. MP-PDE also required about
12-24 hours on an RTX 2080 Ti GPU [39]. Nevertheless, inference can be significantly quicker than classical solvers following
training. In one of its benchmarks, FNO had 0.005 s inference versus 2.2 s with a conventional solver [44]. MeshGraphNets
also accelerated well, particularly when there is a GPU in place [47]. Therefore, classical solvers are still easier to use in CPU-
based workflows, and neural solvers are more appealing in many-query GPUs [45]. As such, the training hardware, inference
hardware, runtime, and memory usage of each method should be reported in the review.

Representative application areas

Computational fluid dynamics, turbulence. The high-fidelity simulation of incompressible and compressible flows is a
great source of innovation for new methods of numerically solving partial differential equations. Naturally, for a large number
of applications in engineering and geophysics, finite-volume and finite-element discretization are by far the most popular
workhorses, largely because of the good compromise of robustness, conservation properties and geometric flexibility offered
by these discretization. Their performance is often improved through the use of adaptive mesh refinement (AMR), to focus the
high-resolution in dynamically significant areas, and other computational iteratively challenging reconstruction schemes, such
as multigrid acceleration, to decrease the computation time for their solvers, and turbulence-modelling schemes developed in
variational multiscale frameworks, which attempt to formally divide and always consistently represent the flow with the
resolved and the unresolved structures [12]. This combination of elements — both from the academic side and from the point
of view of the real-life application — represents an old rule in CFD: predicting it correctly requires, in general, not only a good
discretization, but also solver technology and modelling assumptions that guarantee that the solution remains stable under a
wide range of Reynolds numbers and flow regimes. In recent years, Al-driven approaches have begun to influence the work
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practices of CFD not just as a replacement of classical solvers, but rather as a specialised method for specific tasks.
Specifically, machine learning models are nowadays gaining more and more importance as surrogates to subgrid scale
closures, data-driven reduced order models for faster prediction of flows, components enhancing any aspect of the numerical
pipeline (e.g., subgrid scale closures, parameter estimation) etc. Although these models can yield a significant amount of
computational advantages, their accuracy, of course, relies on the scope of their training, and apart from considering physical
limitations [6], [11] (these being an active field of investigation), their use in rolling out SDGs is still to come.

Solid Mechanics/Fracture. Most of the simulations used in industry that involve elasticity, plasticity and wave propagation
in solids are based on the classical finite element method (FEM) including the high-order and discontinuous Galerkin (DG)
methods. Meshfree and material point method (MPM) formulations are very useful in problems of large deformations, impact
and fracture where remeshing would be prohibitive [9], [10] and in hybrid schemes, these are used together with traditional
FEM in different sub-domains of the computational domain. In the case of material modelling, stress-strain responses are being
investigated via emerging operator-learning and physics-informed neural network (PINN) based methods in order to evaluate
them quickly [4].

Fluid mechanics of Biomedical flows and transportation. Patient-specific vascular networks, or even the transport of
pharmaceutical or signaling molecules, are typically modeled via finite-volume or finite-element solutions on a complex
geometry obtained from medical imaging data [12]. To achieve clinically relevant time scales of such simulations, adaptive
refinement, multigrid preconditioning and reduced-order models are of major importance. Data driven surrogates and PINNs
have shown great potential to integrate sparse measurements and handle parameter uncertainty and real time or near real, time
decision support [4], [11].

Financial Partial Differential equations and Quantum problems. In the field of quantitative finance, partial differential
equations formulations play a fundamental role, and in particular, the high dimensional Black Scholes-type models for multiple
asset derivatives and similar stochastic partial differential equations models of risk factors. Numerically, these problems are
challenging in that the computational cost rapidly grows as the number of dimensions is increased, an effect known as the
"curse of dimensionality," and the simple possibility of mesh refinement for the solution of multisets problems is limited [1].
As a result, the focus of recent research has shifted more towards the emergence of neural network surrogates, physics-
informed neural networks (PINNs) and operator learning architectures as alternatives or supplements to the traditional solvers.
What has motivated them from an academic point of view is their potential to map high-dimensional solution manifold spaces
into comparatively low-dimensional parameterizations, which can be evaluated quickly once trained, e.g., in pricing or
calibration, but also in repeated risk queries with regard to varying market scenarios [4], [5], [6]. At the same time, critical
methodological issues are the extent of the validity of such models when the distribution shifts, under rare events regimes or
when market dynamics change — the practical applications of tail risks and extrapolation are also important. But at the same
time, there are system level considerations which are equally important. The questions around scaling such complexes as the
aforementioned load balancing in the adaptive and heterogeneous segment discoveries within the more challenging
computational workflows or the resilience and fault tolerance of algorithms scaling at other extreme level or the energy
efficiency of the networks or training and inference pipelines [44], [45], [46] are nontrivial.

Uncertainty quantification (UQ) is also a current bottleneck, and while probabilistic formulations can offer valuable
information with regards to credibility, risk, etc, UQ on complex PDE models is often expensive and there is a strong incentive
in the research community to work towards approaches that enable realisation of such models which involve integration of
probabilistic modelling and efficient sampling, reduced order modelling, operator learning surrogates, etc, in a way that will
control cost without compromising the statistical reliability of the results.

Conclusion

Modern numerical methods for the solution of partial differential equations are a vast and evolving arsenal, and there is a
large body of theoretical and experimental evidence that supports the lack of a uniform paradigm that is universally found to be
best for all classes of PDEs, geometries, and definition criteria. In this regard, classical finite-difference, finite-element, and
finite-volume methods remain predictors of last resort for lack of maturity, efficiency, and well-justified analytical background
[12].

Simultaneously, spectral, meshfree, adaptive and multiscale methods greatly extend the range of practicality of PDE
simulation (e.g. in attaining superior accuracy for smooth fields, higher flexibility with respect to geometrical domains and
efficient resolution of localised or multiscale phenomena which cannot generally be captured by traditional uniform
discretisation [2], [3], [7], [9]).

More recently, solvers based on the Al — the most effective for large dimensions inverse and parametric problems — and
operator learning methods have become influential developments, especially for high dimensional, inverse and parametric
problems, for which one needs repetitive evaluation, or fast exploration of families of solutions. These methods can provide
significant computational benefits and new modelling capabilities but usually do not yet provide the robustness, interpretability
and theoretical guarantees supporting the routine use of mature discretization schemes in a safety-critical context [4], [5], [6],
[11]. Academically, this gap suggests a key issue at the heart of the debate: between their impressive greater empirical
performance and strict notions of stability, generalization, conservation, and error control, the deployment of such systems on a
large scale cannot be justified.
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